There has been recently an increasing interest in the use of multiwire proportional counters as profile monitors for weak secondary beams.
l-3 It is thus of -____ interest to determine analytically the pulse shape that would be obtained in such a chamber.
The details of construction of a multiwire chamber are described elsewhere.
The cross section of a chamber' drawn perpendicular to the beam is shown in Fig. 1 . The outer electrodes consists of two rectangular planes of stainlesssteel meshes at the center of which are stretched very thin stainless-steel wires.
In a typical chamber the distance between the outer electrodes is 14 mm, wire separation is 2 mm and the diameter of the wires is 50 /.L. Each central wire is connected to an individual preamplifier.
The circuit block diagram will be found in Ref. 3 . When used for monitoring, a suitable gas such as argon-CO2 mixture (90 -10) is circulated between the electrodes.
It has been shown by Charpak et al. 1 that the equipotentials near the wires --are concentric to the wires. Due to the high field intensity confined to the region near the wires, most of the gas multiplication occurs within a few mean free paths of the wires. Thus, we expect the properties of the multiwire chamber to be similar to that of the single wire co-axial cylindrical proportional counter.
This has also been verified experimentally by Charpak et al. ' --
A. Principle of Operation
To determine the pulse shape in a cylindrical co-axial counter, we follow the 495 analysis technique outlined by Wilkinson.
A simplified schematic diagram of such a chamber along with the amplifier input circuit is shown in Fig. 2 , where C is the sum of chamber capacity and the input strays, and R is the input impedance of the preamplifier. Note that with no ionization, v,(t) = 0. When a weak particle passes through the chamber, Np primary ion pairs are formed by initial ionization. The positive ions are attracted by the outer electrodes and the primary electrons are attracted toward the central wire. In the vicinity of the wire these electrons gain sufficient energy to produce secondary ion pairs by collision with neutral gas molecules. If M represents the gas multiplication factor of the chamber, then this corresponds to MNP ion pairs with charge + MNpe and -MNpe where e is the electronic charge. The negative charge will -l- Thus there will be a change in the charge stored on the electrodes due to the collection of these ions and consequently v,(t) will change from zero to some finite value. The secondary electrons (which have very high mobility) being formed very near the anode (within a distance of the order of the radius of the wire) will be collected almost immediately. As a result, the voltage pulse v, (t) appearing at the anode is produced almost exclusively from induction by the positive ions as they move away from the anode. Since the positive ions move through most of the voltage drop in the high field region near the anode, the voltage pulse produced by the positive ion movement will have a very fast rise time.
B. Pulse Shape Evaluation -Amplifier with Infinite Bandwidth
Consider now the case for which RC is much greater than the time t+ required to collect all the positive ions. This in effect implies that there is no leakage through R or in other words, the effect of R can be neglected. (Later in this report we consider the effect of R on the pulse shape.) Under this condition, we then have va(t) =y
where q(t) is the net charge produced by the positive ions and electrons. If -q+(t) and -q (t) are the charges induced on the electrodes by the positive and negative charges, equal charges of opposite sign appear across the capacitor C and we can write q+(t) + q-(t) v,(t) = c
To evaluate the induced charges we-invoke Green's theorem. 6 According to this theorem, if a set of conductors 1, 2, and 3 have potentials VI, V2, and V3 due to placing of charges ql, q2, and q3 on them, then by placing charges q;, q2, and qJ on them will result in potentials Vi, Vh, and V$ where qlv; + q2v; + q3v; = q;vl + 4;v2 + 4$V3
Consider now the co-axial chamber redrawn in Fig. 3 . Let qa be the charge induced on the anode and qb be the charge induced on the outer cylinder due to a -4- 
In the absence of a charge at x (i.e., q' = 0), let I$, Vb, and Vk be the respective potentials. Just prior to ion pair formation, Va = Vb = 0 which is also the case soon after the charge q is produced. Equation ( From Eqs. (6) and (9) we thus obtain qa = -
(8)
If we denote by r+ and r the positions of the positive ion and the free electron respectively, then from Eq. (10) the charge induced on the anode by a positive ion at r+ and a free electron at r are given as:
and Wbh-J q-(t) = w e P Use of Eqs. (11) and (12) 
. Even though in general the motion of positive ions is random, there is a net drift in the direction of the electric field. The average drift velocity dr+/dt is given as: (16) where p is the mobility of the ion, 6 is the electric field strength at r+ and p is the gas pressure.
In a co-axial chamber the electric field strength, E, at a distance r+ from the center can be computed from' where V is the potential difference between the two electrodes.
Combining Eqs.
(16) and (17) we thus have Equation (18) can be solved as follows. We rewrite it as:
Assuming that all positive ions start at r+ = a at t = 0, we get k = a2/2. Therefore 
The total time t+ required to complete collection of the positive ions can be found from Eq. (20) by letting r+ = b:
For the typical wire chamber shown in Fig. 1 (24)
Note that the value of /A used to derive the above is 1040 (cm/set) (volt/cm) -1 (mm Hg). 8
The normalized response for this typical chamber is shown in Fig. 4 .
For brevity, let us normalize the time and the magnitude and rewrite Eq. (21) as:
where now
Note that the time T+ taken by the positive ions to reach the outer electrode is i2 7+=1--b2 (27) Let us now consider the effect of R on the pulse shape. We shall show that
for RC values comparable to T+, the effect is to obtain a pulse of shorter duration by differentiating the original pulse vn( T). To determine the pulse shape at the input of the amplifier, the circuit reduces to that shown in 
= voltage out with finite R.
-13 - 
where u(t) is the unit step function. Analysis of the equivalent circuit yields:
"(') = (R +?k) (sy;)
where V,(s) =L?( v,(t)} and V,(s) =.LZ{ vb(t)}, T1 = R C . It should be noted that the shape of the output pulse shown in Fig. 8 is similar in form to that obtained experimentally using the multiwire chamber built by the Counting Electronics Group at SLAC. We observe from Fig. 8 that for a specified amplifier bandwidth (1/T2), the output pulse rises faster with a decrease in the input differentiating circuit time constant T1 = RC. This is coupled with an increase in the maximum value of the output pulse and a corresponding increase in the pulse width. Increase in the pulse width implies that the resolving time of the counter is also increased. Alternately, we can conclude from this figure that for a given input circuit time constant T1, increase in amplifier bandwidth results in a pulse with a faster rise time, higher amplitude and shorter pulse duration.
Our analysis so far assumed that the voltage v,(t) is always the same for each event, i.e., has the same rise time each time primary ionization takes place. Under this idealized situation, it is evident that it is best to have an amplifier with infinite bandwidth. However, as it will be pointed out later, in practice the rise time of v,(t) will vary to some extent from event to event. It would be thus 
Assume first that the amplifier is an ideal amplifier, i.e., has an infinite bandwidth. In this case the amplifier output will be the same as that obtained at the input of the amplifier, i. e . , the voltage v,(t) across the resistor R in Fig. 6 . For a:(t) as the input pulse, the voltage v;((t) across R is given as:
Maximum value of vb(t) is at t=O and is equal to 1. In the second case, with @(t) as the input pulse, the voltage vi(t) across R is
Maximum value of vi(t) is at t=T and is given by T1/T [ 1 -e -T'T1)l which is equal to 1 -e -' = 0.63 for T = T1. Thus the output pulse height varies from 1 to 0.63 in the case of an ideal amplifier.
We now consider the effect of finite amplifier bandwidths and assume the amplifier to be described by a transfer function l/T2 The amplifier output vi(t) for an input G:(t) is given by
if T1 = T2. vi(t) has a maximum at t = Tl and the maximum amplitude is l/e. Whereas, for P(t) as input, the output v;j(t) of the amplifier is v;(t) = $ [(e -1) t -T] e -t'T tlT (51) for T1 = T2 = T. Since for t 5 T, the output v:(t) of the input differentiating circuit is given by Eq. (48). This voltage (which has a positive rate of change) being fed into the amplifier, the amplifier output can never exceed the input voltage when the latter is increasing. As a result, the rate of change of output voltage is also positive for t ,< T. Thus, it follows that the maximum value of the amplifier output v;(t) is achieved for t > T. It can be shown from Eq. (51)) the maximum value of v;(t) occurs at t = eT/(e-1) and is given by
Consequently, there is very little spread in the height of the output pulses in the case of a non-ideal amplifier.
We can thus conclude that from the point of view of minimizing the spread of the heights of output pulses, it is preferable to use an amplifier with a finite bandwidth. The inverse bandwidth T2 of the amplifier should be made equal to the time constant T1 of the input differentiating circuit which in turn should be equal to the average rise time of the input pulse. Another advantage of reducing the amplifier bandwidth is the associated reduction in amplifier noise.
D. Discussion
An analytical expression for the input pulse generated at the anode has been derived along with an approximate expression for the amplifier output pulse [Eqs. (21)) (42) and (44 l The derivation was based on the assumption that all the primary electrons are collected instantaneously by the anode and the secondary ionization takes place in the immediate neighborhood of the wire. The output pulse is thus assumed to be determined exclusively by the motion of the positive ions and each pulse will have the same shape regardless of the location of the primary ionization. However, if electronegative impurities like oxygen are present inside the chamber, electrons would be rapidly captured to form heavy negative ions having the same mobility as the positive ions. The drift velocities of these heavy negative ions differ by a factor of 1000 from that of the free electrons. Consequently rise time of the output pulse will be almost 1000 times longer than that would be obtained in the idealized case. Thus short clipping time T1 cannot be used with the result that the resolving time of the chamber will be significantly increased. It should be noted that oxygen is likely contaminant in any chamber because of leaks, air absorption in the chamber walls and insufficient evacuation. If pure argon is used as the chamber gas than it is preferable to keep the voltage across the electrodes as low as possible to facilitate better electron collection by the wires. On the other hand, lower collective voltage results in a lower gas multiplication factor M redu= the height of the output pulse. A better way to improve electron collection and also increase M, is to mix a small percentage of some polyatomic, gases like CO2 to the chamber gas. For example addition of 5 -10% of CO2 would increase the electron drift velocity almost ten times for a fixed collecting voltage and a fixed gas pressure. There are several other associated advantages when gas mixtures are used instead of pure gases. These polyatomic gases act as a self-quencher in the case of a spark breakdown. In a pure noble gas, the electrons may diffuse to the side of the chamber due to high electron energy and thus not follow the field lines. Addition of CO2 greatly reduces the diffusion effects by lowering the electron energy and increasing the drift velocities. Minimization of diffusion effects enhances pulse profile studies. Often the electron collection may be enhanced by purposely stimulating a spark by increasing the collecting voltage for example. The spark will stop as soon as all of the electrons have been collected.
Faster electron collection also minimizes the possibility of recombination with the slower moving positive ions.
Determination of positive ion mobility in gas mixtures is fairly complicated.
For initial estimates of pulse sizes and rise times, it is usually sufficient to use the ion mobility for the predominant gas as that of the gas mixture. 11
We. mentioned earlier the advantages of adding a polyatomic gas to a noble gas and use the gas mixture as the chamber gas. CO2 is a commonly used stabilizing gas. Other gases in this class are N2, methane andcarbon tetrachloride.
In some respect Ar-CO2 mixture is not preferable. Pure argon is attractive as a chamber gas. This is because, in pure argon, the amount of energy (W) which a particle loses on the average to form one ion pair stays fairly constant. However, in an Ar-CO2 mixture W value is not constant and thus may lead to output pulses of varying heights (Np will not be constant). For similar reasons methane is not preferable. On the other hand, both Ar and N2 ----have constant W values and their mixture may be expected to have a constant W value. Hence Ar-N2 mixture may be a more appropriate chamber gas.
Suitable proportions would be 90% argon and 10% nitrogen.
11 Another recommended gas mixture is 96% helium and 4% isobutane. 5 It can be pointed out here that satisfactory results have also been obtained using 80% argon and 20% isobutane gas mixture. 12 Note that helium has a positive ionic mobility which is five times greater than that of argon and nitrogen. Equation (21) indicates that a higher mobility would result in output pulses having a faster rise time which would be preferable if shorter resolving time is desired.
Effect of straggling on the pulse shape was neglected by assuming that all electrons are being formed under identical electrical conditions. However, the field near the wire does change very rapidly. Thus strictly speaking, some amount of straggling will be introduced because the electrons cannot remain in equilibrium with the field. Effect of straggling is to vary the rise times of the pulses.
We have also neglected the capacitive coupling between wires. It appears that the pulse induced by positive ion movement near one wire would result in pulses of the same polarity on adjacent wires. Fortunately, as Charpak 12 has pointed out, charge induced on one wire by the positive ion movement is equal and opposite to the charge induced on all other conductors including the cathode.
This opposed coupling would create pulses of opposite signs in adjacent wires and in effect would cancel the pulses created by capacitive coupling.
Several other comments are here in order. Excited ions or molecules or atoms would often create photons, which in turn may cause liberation of photoelectrons from the gas and the cathode. These secondary avalanches are hard to distinguish from the primary avalanches as they follow closely each other, and in effect increase the gas multiplication significantly, often leading to instability. Photoelectrons are also liberated by the positive ions as they hit the outer electrodes. These discharges trail the primary discharge by t+, the collection time of the positive ions. Effect of this second type of discharge is again to increase the gas multiplication factor and may give double or multiple pulses if the time constants in the amplifier are not quite long. These secondary effects can be significantly reduced by additional small amounts of any molecular gas like C02, N2, etc.
7.
8.
9.
10.
11.
12. 
(1 C . E t. E c 11. i.S4F2E-Cl C.cSc;'SE-Cl 
